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Analytical Study of the Oblique Re� ection of Detonation Waves
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The governing equations relating the � ow properties across an oblique detonation wave were reconsidered and
modi� ed by accounting for different heat capacity ratios on both side of the detonation wave. Using these equations,
modi� ed two- and three-shock-theory-based models were developed and applied to the re� ection of detonation
waves. The present model makes it possible to investigate the behavior of detonation wave re� ections near and
at the Chapman–Jouguet (CJ) point. It was shown that the properties of detonation waves near the CJ point are
very sensitive to the value of the overdrive. The analytical results were compared with experimental and numerical
results from various laboratories, and in general, good agreement was obtained.

Nomenclature
a = sound speed
cv; cp = speci� c heat capacities at constant volume and at

constant pressure
h = enthalpy
M = Mach number of detonation or shock wave
P = pressure
q = heat of reaction
R = speci� c gas constant
T = temperature
UD = velocity of the detonation wave
u = � ow velocity
V = speci� c volume
® = overdrive
° = speci� c heat capacities ratio
µ = � ow de� ection angle
µw; ± = wedge angle
½ = density
Á = angle of incidence
Â = angle of triple point trajectory

Subscripts and Superscripts

CJ = Chapman–Jouguet detonation
D = detonation wave
det = detachment point
i = incident detonation wave
inert = inert � ow
j = numbers of � ow region, 0, 1, 2, 3
m = Mach stem
reactive = reactive � ow
S = shock wave
tr = regular re� ection to Mach re� ection transition

Introduction

A COMPREHENSIVE review, dealingwith the Mach re� ection
(MR) of detonation waves, which was published recently by
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Gelfand et al.1 and Meltzer et al.,2 revealed that there is still a lack
of reliable analytical models by which various properties associ-
ated with the re� ection of detonation waves over wedges can be
accuratelypredicted. For example, in the case of nonreactivegases,
the re� ecting wedge angle at which the transition from regular re-
� ection (RR) to MR takes place can be accurately predicted by
the well-known two-shock theory of von Neumann.3 However, in
the case of reactive gases, a proposed analogous analytical model
failed to predict the transition angle. Furthermore, analytical mod-
els based on the same basic ideas resulted in different results, yet
unexplained.For example, using the two-shock theory, Gavrilenko
et al.4 calculated the RR $ MR transition angle for the mixture of
2H2 C O2 C 7Ar at 288 K and 0.2 bar to be 37 deg § 0.4 deg,
whereas Edwards et al.5 reported two-shock theory calculations
for the same mixture yielding a value of 65 deg. Note here that
the experimental transition angles do not agree either. Whereas
Gavrilenko and Prokhorov6 ;7 reported a value of 40 deg § 1 deg,
the value reported by Edwards et al.5 was 48 deg § 2 deg.

Experimental and calculated results of the RR $ MR transition
wedge angles as reported in different studies for the mixture 2H2 C
O2 CXAr are summarized for the reader’s convenience in Table 1.
A disagreement between the experimental and analytical transition
wedge angles is clearly evident in Table 1. Whereas the measured
values of the RR $ MR transition wedge angles range from 39 to
50 deg, the values calculatedusing differentmethods range from 32
to 65 deg.

The triple point trajectory angle Â of a MR is another parameter
whose analytical prediction is far from being satisfactory (e.g., see
Refs. 2 and 5). For the case of nonreactive gases, this parameter is
quite well predicted using the three-shock theory of von Neumann3

together with the assumption that the Mach stem is straight and
perpendicular to the re� ecting surface. In reactive gases, again, not
only do three-shocktheorybasedanalyticalmodels fail to reproduce
the experimental results, but also there is a large discrepancy in the
literature between both experimental and calculated values.

Unlike the RR $ MR transition wedge angle µ tr
w , which is cal-

culated by the two-shock theory, the calculation of the triple-point
trajectoryangleÂ is donewith the three-shocktheory.Consequently,
the fact that the analytical predictionsof both µ tr

w and Â fail to agree
with experimentalresults indicatesthat either the two- and the three-
shock theories cannot be applied to detonation wave re� ections or
that the ways by which these theories have been applied to detona-
tion wave re� ections were incorrect.

As will be shown subsequently, the aforementioned discrepan-
cies arose most likely from the fact that the analytical models of
Refs. 2, 5, 6, and 8 were notgoodenoughand from the incorrectuse
of a constantspeci� c heat ratio on both sides of the detonationwave.

Based on the foregoing discussion, the objective of this study
was to develop reliable analytical models for predicting various
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Table 1 RR $ MR transition wedge angle
for 2H2 + O2 + XAr ! 2H2O + XAr

Research Experimental Analytical Remark
group X result, deg result, deg no.a

Edwards et al.5 1 46–50 65 1
Meltzer et al.2 0 40–45 32 ——

5 —— 32 2
7 —— 32 ——

Gavrilenko and 0 39–41 34 3
Prokhorov6 7 —— 37 ——

Yu and Grönig8 0 —— 50 4
7 —— 55 4
7 —— 50–53 5

a1, Modi� cation of Whitham’s theory; 2, modi� cation of three-shock
theory with constant ° ; 3, not speci� ed in the paper; 4, computational
� uid dynamics with simpli� ed chemistry; and 5, computational � uid dy-
namics without reaction .° D 1:58/.

a) Inert � ow with an oblique shock wave

b) Reactive � ow with an oblique detonation wave

Fig. 1 Schematic illustration of the � ow� eld that results from a super-
sonic � ow over a sharp wedge.

parameters associated with wave con� gurations constructed of
oblique detonation waves, while accounting for different speci� c
ratios on both sides of the detonation waves as was originally sug-
gested by Ref. 9.

Present Study
Because the building blocks of both the two- and the three-shock

theories are the conservationequations of mass, linear momentum,
tangential momentum, and energy across an oblique shock wave,
it is important to check how well these equations can be used to
calculate the properties of oblique detonation waves.

A numericalstudyof obliquedetonationwaves thatwas published
recentlyby Li et al.10 suggestedthat, unlike the case of an inert (non-
reactive) gas, shown in Fig. 1a,where a straightand attachedoblique
shockwave emanates from the leading edge of the re� ecting wedge,
a different structure, shown in Fig. 1b, is obtained when the gas is
reactive and the kinetic energy of the incoming � ow is suf� ciently
less than the activationenergy of the chemical reaction.The oblique
shock wave has, in this case, two different parts that have distinct
shock angles. In the region near the leading edge of the re� ecting
wedge (point O), the shock angle is identical to that appropriate to
a shock in an inert gas. Behind this part of the shock, all of the
� uid properties remain constant, except the induction parameter.
In this region, combustion intermediates are produced so that the
value of the induction parameter increases with increasingdistance
from the leading edge of the wedge. When the concentrationof the
intermediates in the � ow becomes high enough to cause water for-
mation and the associated energy release, the induction parameter
becomes unity, marking the end of the induction zone. Behind the

induction zone, water is produced, and a set of de� agration waves
is generatednear the wall. These de� agrationwaves representgrad-
ual changes in the pressure and the temperature generated by the
energy release in the water formation.The de� agrationwaves prop-
agate upward at the local Mach angle. The Mach angle becomes
steeper for each successive de� agration wave due to the increasing
temperatureacross these waves. Therefore, they graduallyconverge
into each other. Eventually they intersect at point K and steepen the
original oblique shock wave. This steepened shock wave produces
substantiallyhigher temperatures and sharply reduces the induction
delay in the � ow behind this part of the shock wave. When the in-
duction delay becomes short enough, the oblique shock wave and
the initiation of energy release are closely coupled. Behind the two
different parts of the shock wave structure, the density, the temper-
ature, and the velocity after the energy release are different due to
the different shock wave strengths. Therefore, a slip line separates
these two regions.

The numerical results of Li et al.10 indicated that the length of
the nonreactive shock (OK in Fig. 1b) decreases as the re� ecting
wedge angle ± increases for a constant incoming � ow Mach number
as long as ± < ±det, where ±det is the maximum angle for which
the oblique shock wave can be attached to the wedge. For example,
as claimed in their paper, when ± D 29 and 35 deg, the induction
distances are reduced to the order of a millimeter and a tenth of a
millimeter, respectively. Consequently, when the re� ecting wedge
angles ± (but still smaller than ±det) are large, it could be practically
assumed that OK ! 0, i.e., that the reactive shock wave emanates
from the leading edge of the re� ecting wedge.

A detonation wave is known to possess a complex three-
dimensional structure.11 Ignoring this structure, one may think of
a detonation wave as a reaction zone in which a fast exothermic
chemical reaction occurs, preceded by a shock wave. The burning
reactionis triggeredaftera certain inductiontime by the strong pres-
sure and temperature rise in the shock wave, whereas the latter is
supported by the heat liberated in the reaction zone.

Different detonation wave models are available, depending upon
the desired accuracy and the speci� c problem encountered. Usu-
ally, the chemical reaction zone will be very thin. Furthermore, the
thickness of the induction zone will decrease exponentially with
increasing temperature and may be ignored in a great many cases.
Under these assumptions, the leading shock wave and the reaction
zone are considered as a single discontinuity and give rise to the
single-frontmodel,12 which is adopted in this study. This is the sim-
plest theoreticaldescriptionof a detonationwave. Consequently,the
diffraction of a detonation wave could be expected to be similar to
that of a nonreactiveshock wave as long as the reactionzone is thin
compared with any other length scale present in the � ow� eld.

In classical textbooks (e.g., Refs. 13 and 14), the developmentof
the Hugoniotcurvedoes not accountfor the fact that the value of the
speci� c heat capacities ratio ° changes across the detonation wave
as a result of the change in the components of the gas mixture and
the increase of the temperature. The importance of taking different
values of ° across detonationwaves has been well recognizedin the
detonation/combustion literature, e.g., Ref. 15. This implies that as
a � rst step of any such treatment, the two-° Hugoniot curve of det-
onation waves should be developed. (For the reader’s convenience,
results of using the two-° Hugoniot curve will be compared with
the single-° Hugoniot curve whenever necessary.)

Hugoniot Curve of Detonation Waves
Consider Fig. 2a, in which a detonation wave having a constant

velocityUD is seen to propagatefrom right to left toward a quiescent
mixture of reactive gases, state (0), whose density, pressure, and
enthalpy are ½0; P0, and h0 , respectively.Based on the single-front
model, adoptedfor this study, the chemicalreactiontakesplace in an
in� nitely narrow reaction zone. The � ow� eld behind the reaction
zone, state (1), which consists of a new mixture of gases, is in
equilibrium and follows the detonation wave with the detonation-
induced velocity u1.

Because the detonation wave propagates with a constant veloc-
ity, a Galilean transformation can be performed on the unsteady
� ow� eld, shown in Fig. 2a, to obtain the pseudosteady � ow� eld,
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a) Unsteady
coordinates

b) Detonation � xed
coordinates

Fig. 2 Schematic illustration of the detonation wave structure follow-
ing the single front model.

shown in Fig. 2b, in detonation � xed coordinates. The conserva-
tion equations of mass, linear momentum, and energy for the pseu-
dosteady � ow� eld, shown in Fig. 2b, are

½0UD D ½1.UD ¡ u1/ (1)

P0 C ½0U
2
D D P1 C ½1.UD ¡ u1/

2 (2)

h0 C 1
2
U 2

D D h1 C 1
2 .UD ¡ u1/

2 ¡ q (3)

If we further assume that the gas mixtures on both sides of the
detonationzone consistof perfectgases, then the followingrelations
hold:

h j D cp j T j ; Pj D ½ j R j T j ; cp j D
PN j

k D 1 nk j mk j cpkPN j

k D 1 nk j mk j

cv j D
PN j

k D 1 nk j mk j cv j
PN j

k D 1 nk j mk j

; ° j D
cp j

cv j

R j D cp j ¡ cv j D
° j ¡ 1

° j
cp j ; a2

j D
° j P j

½ j

In the precedingrelations, j D 0 and1 for the � ow statesahead(0)
and behind (1) the detonationwave, respectively.The terms nk and
mk are the mole number and the molecularmass, respectively,of the
kth componentof the gas mixture,which has in total N components.

Equations (1) and (2) can be combined to result in the Rayleigh
line,

R D
U 2

D

V 2
0

¡
P1 ¡ P0

V0 ¡ V1
D 0 .4/

and Eqs. (1–3) can be combined to result in the Hugoniot line,

H D
£
.P1=P0/ C ¹2

1

¤£
.V1=V0/ ¡ ¹2

1

¤

¡
£¡

¹2
1=¹2

0

¢
¡ ¹4

1 C 2¹2
1.q=P0V0/

¤
D 0 (5)

where V D 1=½ and ¹2 D .° C 1/=.° ¡ 1/.
Note that in many previousstudies the postdetonationwave value

of °1 was assigned, for simplicity reasons, to the � ow state ahead of
the detonation wave, i.e., °0 D °1; as a result, Eq. (5) assumed the
form

£
.P1=P0/ C ¹2

¤£
.V1=V0/ ¡ ¹2

¤
D 1 ¡ ¹4 C 2¹2.q=P0V0/ .6/

which, for example, is identical to Eq. (2.9) in Ref. 13 (p. 18).
To solve the preceding equations, the value of q, i.e., the heat

released in a complete reaction, must be determined. This can be
done by either measuring it or relating it to other parameters that are
assumed to be the initial conditions. The latter approach is used in
the presentstudy.This is doneby introducingthe Chapman–Jouguet
(CJ) condition,which corresponds to the point where the Hugoniot

Fig. 3 Rayleigh (R) and Hugoniot (H) curves in the (P, V) plane.

curve [Eq. (5)] is tangent to the Rayleigh curve [Eq. (4)], as shown
in Fig. 3. By combining Eqs. (4) and (5), one obtains

¡
U 2

D=P0V0

¢
.V1=V0/2 ¡

©£
1 C ¹2

1 C
¡
U 2

D =P0V0

¢¤

C ¹2
1

¡
U 2

D=P0V0

¢ª
.V1=V0/ C ¹2

1

£
1 C ¹2

1 C
¡
U 2

D=P0V0

¢¤

C
¡
¹2

1=¹2
0

¢
¡ ¹4

1 ¡ 2¹2
1.q=P0V0/ D 0 (7)

The point of tangency C can be found by � nding the conditions
for which thediscriminantof Eq. (7) is zero.Under the CJ condition,
i.e., UD D UCJ,

MCJ D UCJ=a0 .8/

where

a2
0 D °0.P0=½0/ D °0 P0V0 D °0 R0T0 .9/

InsertingEqs. (8) and (9) into the discriminantof Eq. (7) and solving
for q results in

q D
a2

0

2° 2
0 .°0 ¡ 1/

¡
° 2

1 ¡ 1
¢
M 2

CJ

£
£
° 2

1 .°0 ¡ 1/ C 2°0

¡
°0 ¡ ° 2

1

¢
M2

CJ C ° 2
0 .°0 ¡ 1/M 4

CJ

¤
(10)

where a0, °0 , °1 , and MCJ are assumed to be known. Note that the
precedingmodel assumes that the gases on both sides of the detona-
tion wave are perfect and hence q is assumed to be independent of
the temperature. If again the assumption that °0 D °1 D ° is used,
then Eq. (10) reduces to

q¤ D
a2

0

¡
1 ¡ M 2

CJ

¢2

2.° 2 ¡ 1/M2
CJ

.11/

which for the strong shock assumption, i.e., MCJ À 1, yields

q¤ D
M 2

CJa
2
0

2.° 2 ¡ 1/
D

U 2
DCJ

2.° 2 ¡ 1/
.12/

Note again that, although the general solution for q is given by
Eq. (10), the forms given by Eq. (11) or (12) have been used in
other studies owing to the unjusti� ed use of the oversimplifying
assumption that °0 D °1 D ° . Equations (11) and (12) prevail in
many classical textbooks (see Ref. 13, p. 54).

The insertion of q from Eq. (10), which accounts for the fact
that °0 6D °1 , into Eq. (3) results in a set of three equations [Eqs.
(1–3)], with three unknowns ½1; P1, and h1 (T1 actually), provided
the chemical reaction, which is needed to calculate the parameters
cp; cv , ° , and R [with the aid of the relations following Eq. (3)],
is known. The solution of these equations, which satis� es the CJ
condition, is simple and straightforward, although somewhat cum-
bersome, as shown in the next section.

Note here that, as shown in Fig. 3, the velocity, or Mach number,
of a steady detonation wave cannot be smaller than the detonation
velocity at the CJ point, i.e., M ¸ MCJ. The ratio between the actual
detonation wave velocity and that calculated by the CJ condition
is known as the overdrive and is denoted in the present work as
® D M=MCJ. More details can be found in Ref. 13.
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Normal Detonation Wave Relations
By combiningEqs. (1–3)andusing thermodynamicrelations,one

can get

u2
1 C 2a0

°1 C 1

³
°1

°0

1
M

¡ M

´
u1

C 2.°1 ¡ 1/

°1 C 1

µ
q C .°1 ¡ °0/a2

1

°0.°0 ¡ 1/.°1 ¡ 1/

¶
D 0 (13)

where M D UD =a0. [Recall that q is given by Eq. (10).] Solving
Eq. (13) results in the detonation-induced� ow velocity

u1=a0 D [.1 C ¯/=.°1 C 1/][M ¡ .°1=°0/.1=M /] .14/

where

¯ D
"

1 ¡
2
¡
° 2

1 ¡ 1
¢
M 2. Nq C ´/

¡
M 2 ¡ °1=°0

¢2

# 1
2

(15a)

´ D
.°1 ¡ °0/

°0.°0 ¡ 1/.°1 ¡ 1/
(15b)

and

Nq D q=a2
0 .15c/

Note again that, if the assumption °0 D °1 D ° is used, then Eq.
(15b) results in ´ D 0. Inserting this value into Eq. (15a) yields

¯¤ D
µ
1 ¡ 2.° 2 ¡ 1/M2 Nq

.M2 ¡ 1/2

¶ 1
2

.16a/

which is identical to Eq. (2) in Ref. 16 and that given in many
textbooks that, insteadof Eq. (14), incorrectlysuggest the following
relation, which is not general as it is limited to °0 D °1 D ° :

u1=a0 D [.1 C ¯¤/=.° C 1/][M ¡ .1=M/] .16b/

The ratios of the densities, the pressures, the sound speeds, and
the temperatures across the detonation wave can be obtained as
follows:

a1

a0
D

¡¡
.1 C ¯/°1 M2

0 sin2Á1 ¡ f[°1.°1¯ ¡ 1/]=°0g
¢¢ 1

2
¡¡
.°1 ¡ ¯/M2

0 sin2Á1 C f[°1.1 C ¯/]=°0g
¢¢ 1

2

.°1 C 1/M0 sin Á1
.22/

½1

½0
D

UD

UD ¡ u1
D

M

M ¡ [.1 C ¯/=.°1 C 1/][M ¡ .°1=°0/.1=M /]

D .°1 C 1/M2

.°1 ¡ ¯/M2 C .1 C ¯/.°1=°0/
(17)

P1

P0

D .1 C ¯/°0 M 2 ¡ °1¯ C 1

°1 C 1
.18/

a1

a0
D

¡¡
.1 C ¯/°1 M 2 ¡ f[°1.°1¯ ¡ 1/]=°0g

¢¢ 1
2
¡¡
.°1 ¡ ¯/M2 C f[°1.1 C ¯/]=°0g

¢¢ 1
2

.°1 C 1/M
.19/

T1=T0 D .°0 R0=°1 R1/.a1=a0/2 .20/

By setting °0 D °1 D ° and q D 0, i.e., no reaction, relations (14),
(17), (18), and (19) reduce, as expected, to the Rankine–Hugoniot
relations across normal shock waves.

Fig. 4 Schematic illustration of a steady oblique detonation wave and
de� nition of � ow parameters.

Oblique Detonation Wave Relations
In the followingtheobliquedetonationwave is againtreatedusing

the single-front model. Note that this model was termed by Fickett
and Davis13 as the “simplest model.”

A steady oblique detonation wave is shown schematically in
Fig. 4. The � ow states ahead and behind the oblique detonation
wave are (0) and (1), respectively.The angle of incidence between
the oncoming supersonic � ow and the oblique detonation wave is
Á1. While passing through the oblique detonation wave, the � ow is
de� ected by an angle µ1 . Denoting the steady velocities ahead and
behind the detonation wave as U0 and U1 , respectively,and solving
the � ow� eld in a coordinate system normal .n/ and tangential .t/
to the oblique detonation wave, in a way similar to that done with
oblique shock waves,17 results in

U1

a0
D

(
M2

0

µ
1 C .1 C ¯/.¯ ¡ 1 ¡ 2°1/

.°1 C 1/2
sin2Á1

¶

¡ 2°1.1 C ¯/.¯ ¡ °1/

°0.1 C °1/2
C

³
1 C ¯

°1 C 1

´2³
°1

°0

´2
1

M2
0 sin2Á1

) 1
2

(21)
where M0 D U0=a0. The postdetonation wave � ow Mach number
M1 is de� ned as M1 D U1=a1 , where the postdetonation speed of
sound a1 can be simply obtained from Eq. (19) to read

Similarly, ¯ as obtained from Eq. (15a) is

¯ D
(

1 ¡
2
¡
° 2

1 ¡ 1
¢
M 2

0 sin2Á1. Nq C ´/
£
M2

0 sin2Á1 ¡ .°1=°0/
¤2

) 1
2

.23/

The � ow de� ection angle µ1 is given by

µ1 D Á1 ¡ arctan

"
°1 ¡ ¯

°1 C 1
tan Á1 C 2°1.1 C ¯/

°0.°1 C 1/M2
0 sin 2Á1

#

.24/

The maximum� ow de� ection angle condition, i.e., .@µ1=@Á1/jM0 D
0, results in

A sin4Á1 C B sin2Á1 C C D 0 .25/
where

A D ° 2
0 [¯.¯2 C ¯ ¡ 1/ ¡ 1 ¡ °1.1 C ¯/2]M4

0 (26a)
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B D °0.1 C ¯/
£
°0.1 C °1/.¯ C °0 ¡ ¯°0/M 2

0

¡ °1.1 C ¯ C 2¯2/
¤
M 2

0 (26b)

C D °1.1 C ¯/
£
°1¯.1 C ¯/ C °0.1 C °1/M2

0

¤
(26c)

By solving Eqs. (25) and (26), one gets

sin2Á1;det D f .°0; °1; MCJ; M0/ .27/

If °0 D °1 D ° and q D 0 are assumed, then Eq. (27) reduces, as
expected, to the well-known relation appropriate to oblique shock
waves in nonreactive gases (see Ref. 18, p. 370), i.e.,

sin2Á1;det D
¡
1=° M2

0

¢±±
[.° C 1/=4]M 2

0 ¡ 1

C
££
.° C1/

©
1C [.° ¡1/=2]M2

0 C [.° C1/=16]M4
0

ª¤¤ 1
2
²²

(28)

Now that the governing equations associated with an oblique deto-
nation wave have been developed, they can be used to solve some
classical problems and veri� ed by comparing the analytical with
experimental and numerical results.

Supersonic Flow of a Reactive Gas Mixture Past a Wedge
Figure 1b is a schematic illustrationof the � ow� eld that is devel-

oped when a supersonic� ow of a mixture of reactivegases encoun-
ters a sharp wedge whose angle ± is smaller than the detachment
angle ±det. If the � ow properties in state (0) are given and the chem-
ical reaction has the form

N0X

j D 1

n j X j D
N1X

k D 1

nk Xk .29/

where X denotes a gas component, N0 and N1 are the number of
the gas components of which the gas mixtures in states (0) and (1)
consist. Then the � ow constants in state (1), i.e., °1 and R1 , can be
calculated using the relations that are listed following Eq. (3).

Once these constants are known, the angle of incidence Á1 can
be obtained by solving Eq. (24) for µ1 D ±. The knowledge of Á1,
together with the known parameters ahead of the detonation front,
is suf� cient to calculate both the dynamic and the thermodynamic
postoblique detonation wave � ow properties with the aid of the
equationsdevelopedin the previoussections.The angleof incidence
appropriate to the detachment point, Á1;det, is obtained by solving
Eq. (27), and the maximum � ow de� ection wedge angle, i.e., ±det,
is obtained by inserting the value of Á1;det into Eq. (24).

The values of °0; °1, and a0.X /=a0 .X D 0/ for the mixture
2H2 C O2 C XAr and � ve different values of X are shown in Table
2. Note that the values of °1 in Table 2 were calculated by account-
ing for the fact that the postdetonation wave temperature is much
higher than that ahead of it. The value of °1 for X D 0 was taken
from Ref. 9, which used the Gordon–McBride19 code. The other
values of °1 were simply calculated by accounting for the argon
with ° D 5

3 and its appropriateconcentrationin the mixture, i.e., the
value of X . (Note that in the precedingprocedure it is assumed that
the value of ° for argon is independent of the postdetonation tem-
perature in the rangeof the temperaturesassociatedwith the present
chemical reactions.) To illustrate the effect of the high temperature
on °1 , the values of °1 were also calculated without accounting for
the postdetonation wave temperature. These values are marked in
Table 2 as ° ¤

1 . It is evident from Table 2 that using a single-° model
for small values of X might introduce large errors. For example,

Table 2 Mixture properties as a function of X
for the mixture 2H2 + O2 + XAr

X

0 1 2 5 7

°0 1.402 1.54 1.58 1.62 1.63
°1 1.13 1.41 1.49 1.58 1.60
° ¤

1 1.333 1.50 1.55 1.61 1.62
[a0.X /=a0.0/] 1 0.806 0.739 0.668 0.650

Table 3 Dependence of Á1 and ± for inert
and reactive 2H2 + O2 + 3.76 N2

±, deg

20 25 30

Áinert
1 26.6 32.7 39.2

Áreactive
1 44.5 49.0 55.9

Fig. 5 Dependence of the angle of incidence of the detonation wave
Á1 on the � ow de� ection angle ±: ² , numerical calculations and ——,
current analytical prediction for M0 = 8; MCJ = 5:4, and °1 = 1:32.

for X D 0; °0 D 1:402 and °1 D 1:13. It is also evident from
Table 2 that accounting for the postdetonation wave temperature
is important for small values of X . Again for X D 0, °1 D 1:13,
whereas ° ¤

1 D 1:333. The differences between °0; °1, and ° ¤
1 be-

come very small at X D 7, where we have °0 D 1:63; °1 D 1:60,
and ° ¤

1 D 1:62.
Calculation, based on the foregoing proposed model, of the de-

pendenceof the angle of incidence Á1 on the � ow de� ection angle ±
for a supersonic � ow having a Mach number M0 of the gas mixture
.MCJ D 5:4/ is shown in Fig. 5 as a solid line. The value of °1

used in the calculationwas 1.32 as reported by Gelfand et al.1 Four
numerically calculated points, by Li et al.,10 who used a single-°
model, are added to Fig. 5. Accounting for the vertical error bars
associated with the numerical data indicates that the agreement be-
tween their numerical data and our analytical calculations is good.
The maximum � ow de� ection angle ±det as calculated theoretically
using the model proposed in this studywas 32.9 deg and is shown by
the verticaldashed line in Fig. 5. This valueis in excellentagreement
with the value obtained numerically by Li et al.,10 who reported a
value of 32.5 deg § 2.5 deg (see the horizontal error bar in Fig. 5).
Note that a single-° calculation, i.e., °0 D °1 D 1:32, would result
in a line slightly lower than the one shown in Fig. 5, where °0 D 1:4
and °1 D 1:32. The differencebetween the two lines dependson the
nitrogendilution, as mentionedearlier when Table 2 was discussed.

To the best of the authors’ knowledge, this is the � rst time that
an accurate enough analytical model for calculating oblique deto-
nation waves has been presented. Li et al.10 presented numerical
calculations.Owing to the renewed interest in using oblique steady
detonations as a combustion mechanism in high-speed-propulsion
devices, it is important to develop accurate analytical models for
standing oblique detonation waves.

A comparison between reactive and inert (nonreactive) calcu-
lations of the dependence of Á1 on ± for the reactive mixture
2H2 CO2 C3:76N2 at M0 D 8; MCJ D 5:4, °0 D 1:4, and °1 D 1:32
is shown in Table 3. As can be seen, Á reactive

1 > Á inert
1 by about 17 deg

§ 1 deg for 20 < ± < 30 deg. In addition, whereas for the case of
an inert � ow ± inert

det D 43.8 deg, for the case of reactive � ow ±reactive
det D

32.9 deg. Note that the appropriatevalues of Á1;det as calculated,i.e.,
Á inert

1;det D 67:5 deg and Á reactive
1;det D 63:1 deg, are closer.

Detonation Wave Re� ection
Owing to the similar gasdynamicsnature of detonationand shock

waves, planar detonation waves also re� ect as either a regular or a
MR when they interact with an oblique wedge. Because the wave
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Fig. 6 Schematic illustration of the wave con� guration of a RR and
de� nition of the � ow parameters.

con� gurations of both regular and MRs consist of oblique deto-
nation waves, and because, as shown in the preceding section, the
currently proposedanalyticalmodel for an obliquedetonationwave
seems to be correct, a natural step is to develop theories similar to
the two- and three-shocktheories for detonationwaves. This indeed
is done in the following two sections.

Regular Re� ection of Detonation Waves
The wave con� gurationof a RR is shown schematicallyin Fig. 6.

In detonation � xed coordinates, the reactive gas mixture in state (0)
� ows with a Mach number M0 and encounters the detonationwave
i . The angle of incidence is Á1 . As a result, the chemical reaction
is initiated, and immediately behind the incident detonation wave,
there is a new gas mixture. The new conditions of the gas mixture
can be calculatedby the procedureoutlined in the previous section.
Because the gas in state (1) is not reactive anymore, the re� ected
wave r is a shock wave and not a detonation wave.

The � ow de� ectionacross the detonationwave i can be written as

µ1 D G D.°0; °1; MCJ; M0; Á1/ .30/

where the function G D can be obtained from Eq. (24):

G D D G D.°i ; ° j ; MCJ; M; Á/

D Á ¡ arctan

"
° j ¡ ¯

° j C 1
tan Á C 2° j .1 C ¯/

°i .° j C 1/M 2 sin 2Á

#
(31)

The � ow Mach number of the gas mixture in state (1) can be
written as

M1 D FD.°0; °1; MCJ; M0; Á1/ .32/

where the function FD can be obtained from Eqs. (22) and (23):

FD D FD.°i ; ° j ; MCJ; M; Á/ D
.° j C 1/M sin Á

¡¡
.1 C ¯/° j M 2 sin2Á ¡ f[° j .° j ¯ ¡ 1/]=°i g

¢¢ 1
2
¡¡
.° j ¡ ¯/M 2 sin2Á C f[° j .° j ¯ ¡ 1/]=°i g

¢¢ 1
2

£
(

M2

µ
1 C .1 C ¯/.¯ ¡ 1 ¡ 2° j /

.° j C 1/2
sin2Á

¶
¡ 2° j .1 C ¯/.¯ ¡ ° j /

°i .1 C ° j /2
C

.1 C ¯/2° 2
j

.° j C 1/2° 2
i M2 sin2Á

) 1
2

(33)

The initial conditions imply that

Á1 D .¼=2/ ¡ µw .34/

and

M0 D
Mi

sin Á1
D

Mi

cos µw

.35/

The re� ected shock wave r can be treated similarly. The � ow
de� ection across the re� ected shock wave can be expressed as

µ2 D GS.°1; M1; Á2/ .36/

where

G S D G S.° ; M; Á/ D arctan

µ
2 cotÁ

M 2 sin2Á ¡ 1
M2.° C cos2Á/ C 2

¶

(37)

The � ow Mach number of the gas mixtures in state (2) can be ex-
pressed as

M2 D FS.°1; M1; Á2/ .38/

where

FS D FS.° ; M; Á/ D

..1 C .° ¡ 1/M2 sin2Á C f[.° C 1/=2]2 ¡ ° sin2ÁgM 4 sin2Á//
1
2

f° M 2 sin2Á ¡ [.° ¡ 1/=2]g 1
2 f[.° ¡ 1/=2]M2 sin2Á C 1g 1

2

(39)

The boundary condition for a RR is

µ1 ¡ µ2 D 0 .40/

Equations (30), (32), (36), (38), and (40) contain � ve unknowns,
namely,µ1; µ2; M1; M2 , and Á2 , and hence are solvable, in principle.

By replacing Eq. (38) with the following equation,which is sim-
ply obtained from Eq. (28):

sin2Á1;det D 1

°1 M2
1

(
°1 C 1

4
M2

1 ¡ 1

C
µ

.°1 C 1/

³
1 C °1 ¡ 1

2
M2

1 C °1 C 1
16

M4
1

´¶ 1
2
)

(41)

one obtains a somewhat different set of � ve equations,namely, Eqs.
(30), (32), (36), (40), and (41), which again contain � ve unknowns,
namely, µ1; µ2; M1; M2 , and Á1;det. The solution of this set will re-
sult in the angle of incidence of the detonation wave Á1;det being
appropriate to the well-known detachment criterion,17 at which the
transition from regular to MR takes place. The corresponding re-
� ecting wedge angle can then be calculated from Eq. (34), i.e.,
µ tr

w.RR $ M R/ D ¼=2 ¡ Á1;det.
The transition wedge angle µ tr

w .RR $ M R/, calculated using
this method for the mixture 2H2 C O2 C XAr, is shown in Table 4
for � ve different values of X and three different values of overdrive
of the incident detonation wave, ®i D Mi=MCJ. The values of µ tr

w

increase both with X and ®i . The calculations at the CJ point were
done with and without accounting for the dependence of °1 on the
postdetonation temperature. As mentioned earlier, the difference
between these calculation becomes more signi� cant as the values
of X decreases. A 1% overdrive .®i D 1:01/ strongly affects the
transitionwedge angles.Note that the valuesof µ tr

w increaseby 5 deg
for all the values of X when a 1% overdrive is assumed. If a 10%

overdrive .®i D 1:1/ is assumed, then the values of µ tr
w increase by

about 10 deg. Hence, it is clear that the process is nonlinear.
The values that were calculated by the method developed here

(Table 4) seem to agree well with those measured experimentally
by different investigators (Table 1). The scatter in the experimental
results could be explained in the changes in both X and ®i and the
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Table 4 RR $ MR transition wedge angle
for 2H2 + O2 + XAr

X

0 1 2 5 7

µ tr
w.®i D 1/, deg 33.68 36.73 37.45 38.18 38.33

µ tr
w.®i D 1/a, deg 35.95 37.53 37.94 38.41 38.38

µ tr
w.®i D 1:01/, deg 38.22 41.47 42.21 42.97 43.13

µ tr
w.®i D 1:1/, deg 42.83 46.87 47.75 48.63 48.81

aWithout accounting for the postdetonation temperature

Fig. 7 Dependence of the RR $ MR transition wedge angle µtr
w on X

of the mixture 2H2 + O2 + XAr for three diferent values of overdrive,
®i.

Fig. 8 Schematic illustration of the wave con� guration of a MR and
de� nition of the � ow parameters.

different cell sizes in the various experiments. The dependence of
µ tr

w on X for different overdrives is also given in Fig. 7, which is
calculatedby the presentmodel. Note again that, in the calculations
shown in Fig. 7, the dependence of °1 on the postdetonationwave
temperature was accounted for.

MR of Detonation Waves
A schematic illustrationof a MR with thede� nitionof the relevant

� ow parameters is shown in Fig. 8. The incident wave i and the
Mach stem m are detonation waves. Immediately behind them the
chemical reaction is over, and hence the re� ected wave r is a shock
wave. In addition, because the incident detonation wave velocity is
close to the CJ velocity, the Mach stem, whose velocityis larger than
the incident detonation wave velocity, is an overdriven detonation
wave. For this reason, MR wave con� gurations have been used in
the past to study overdriven detonation waves.6

The governingequationsacross the detonationwaves i and m can
be written as

µ j D G D.°0; ° j ; MCJ; M0; Á j / (42)

M j D FD .°0; ° j ; MCJ; M0; Á j / (43)

P j D P0 HD.°0; ° j ; MCJ; M0; Á j / (44)

where for the incident detonation wave j D 1 and for the Mach
stem detonationwave j D 3. The functions G D and FD are given by
Eqs. (31) and (33), respectively,and the function HD can be simply
obtained from Eq. (18) to read

HD D HD.°i ; ° j ; MCJ; M; Á/ D .1 C ¯/°i M 2sin2Á ¡ ° j ¯ C 1

° j C 1
(45)

Assuming that the Mach stem is straight and normal to the re� ecting
surface and that the triple point propagates along a straight line em-
anating from the leading edgeof the re� ecting wedge, the following
geometrical relations are self-explanatory:

Á1 D .¼=2/ ¡ .µw C Â/ (46)

Á3 D .¼=2/ ¡ Â (47)

Here Â is the triple point trajectory angle. Note that, as mentioned
by Ben-Dor,17 the preceding assumptions, which are essential for
proceeding with the development, are known to be good in a large
range of parameters.

In addition, the pseudosteady � ow Mach number in state (0) can
be obtained from

M0 D
Mi

sin Á1
D

Mi

cos.µw C Â/
.48/

Similar to the foregoing presentation, the governing equations
across the re� ected shock wave r are

µ2 D G S.°1; M1; Á2/ (49)

M2 D FS.°1; M1; Á2/ (50)

and

P2 D P1 HS.°1; M1; Á2/ (51)

The functions G S and FS are given by Eqs. (37) and (39), respec-
tively, and the function HS is

HS D HS.°; M; Á/ D [2=.° C1/]f° M 2 sin2Á¡[.° ¡1/=2]g .52/

The � ows passing through the incident detonation wave i and the
Machstemdetonationwave m undergothe samechemicalreactions;
therefore if the dependenceof ° on the temperature is ignored (see
subsequentjusti� cation), °1 D °3. In addition,because the re� ected
wave is not a detonation wave but a shock wave and because it is a
moderate shock wave .Mr < 2/, the value of ° practicallydoes not
change as the � ow passes across it from state (1) to state (2), and
hence °2 D °1.

Combining the preceding two relations implies that, behind the
detonation front that consists of i and m, the entire � ow� eld can
be assumed to have the same value of °, i.e., °1 D °2 D °3 . The
matching conditions across the slipstream s are

µ1 ¡ µ2 D µ3 .53/

and

P2 D P3 .54/

This set of 12 equations,namely, Eqs. (42), (43), and (44) for j D 1
and 3 and Eqs. (47), (49–51), (53), and (54), contains12 unknowns:
µ1; µ2; µ3; P1; P2; P3; M1; M2; M3; Á2; Á3, and Â . Consequently,the
set is complete and can, in principle, be solved.

Comparison of the Analytical Predictions with the
Experimental Results

The experimental results of Meltzer et al.2 on the variation of the
triple point trajectory angle Â with the re� ecting wedge angle µw

for detonations in 2H2 CO2 mixture at 288 K and 0.2 bar are shown
in Fig. 9. Their calculation(dashed line) was based on a model they
called the three-shock-theory.The solid lines are calculationsbased
on the present model with °0 D 1:4; °1 D °2 D °3 D 1:13 (Ref. 9),
and MCJ D 5:1 (Ref. 2). The calculationsat theCJ point, i.e.,®i D 1,
yield results similar to those of Meltzer et al.2 Both calculations
underpredictedthe triplepoint trajectoryanglesÂ . An improvement
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Fig. 9 Comparison of the analytical and experimental triple point tra-
jectory angles for detonations in 2H2 + O2 mixtures with predictions
based on the current model.

Fig. 10 Comparison of the experimental triple point trajectory angles
for detonations in 30% (2C2H2 + 5O2) + 70% Ar with predictions based
on the current model.

of theanalyticalpredictionsis evidentwhenanoverdriveis assumed.
As can be seen, even a 1% overdrive, i.e., ®i D 1:01, results in a
signi� cant improvement.The dashed-dottedline in Fig. 9 is a result
of a calculation with ®i D 1:01 but without accounting for the
postdetonation wave temperature, i.e., °0 D 1:4 and °1 D °2 D
°3 D 1:33. The difference between the two calculations is about
1–2 deg.

The fact that Â is very sensitive to the degree of overdrive ®i

and that the agreement of the analytical predictions with the ex-
periments is not good enough can be explained as follows. The
present study is based on the simple single-front model. The det-
onation front has in reality a cellular structure. As experimentally
observed by Gavrilenko and Prokhorov,7 the cell size of a detona-
tion is very sensitive to ®i and drasticallydecreases as ®i increases.
Edwards et al.’s5 experiments clearly showed that the trajectory an-
gle is stronglyin� uencedby the cell size, especiallyfor small wedge
angles.The single-frontmodel assumes that the cell size is in� nites-
imal and hence completely neglects the cell size in� uence. As can
be expected, the smaller is the cell size, the smaller is the error
introduced by the single front model.

Also note here that the valuesof ®i used in the experimentsshown
in Fig. 9 were claimed by the authors to be unity, i.e., CJ detona-
tions. However, there are some doubts on this issue.Meltzer et al.’s2

estimation of Mi as a CJ detonation was based on the compari-
son of their measured wave velocity and pressure with known CJ
conditions. The measured wave velocity as obtained by them was
consistentlyequal to 95–98% of the calculatedCJ velocity.The fact
that the measured wave velocity was smaller than the calculated
value can be explained as the real detonation velocity de� cit.1 It
is evident that there remains some uncertainty regarding the exact
valueof Mi . Consequently,slightlyoverdriven Mi is practicallypos-
sible. A 1% overdrive of the incident detonation wave can result in
a pronounced difference in Â .

Similar results but for detonations in 30% (2C2H2 C 5O2 ) C
70% Ar, which were reported by Edwards et al.,5 are shown in
Fig. 10. The analytical results (solid curves) were calculated by the
present model using three different values of overdrive ®i . In these

Fig. 11 Comparison of the experimental Mach stem overdrive for det-
onations in 30% (2C2H2 + 5O2 ) + 70% Ar with predictions based on
the current model.

Fig. 12 Comparison of the experimental Mach stem overdrive for det-
onation in 2H2 + O2 with predictions based on the current model.

calculations,°1 D °2 D °3 D 1:57 (Ref. 1) and MCJ D 5:5 (Ref. 5).
The experimental data are seen, in general, to lie again between the
calculations for ®i D 1:0 and 1.1, close to the line appropriate to
®i D 1:01.

The experimental results of Edwards et al.5 for detonations in the
mixture 30% (2C2H2 C 5O2 ) C 70% Ar with different initial pres-
sure conditions are shown in Fig. 11, which shows the dependence
of the overdrive of the Mach stem, ®m D Mm =Mi , on the re� ecting
wedge angle µw . The experimental results lie again between the an-
alytical predictions for ®i D 1:0 and 1.1. Figure 12 shows similar
good agreement between the analytical predictions and the experi-
mental results of Gavrilenko and Prokhonov6 for detonations in the
mixture 2H2 C O2.

Conclusions
The conservation equations across an oblique detonation wave

have been developed by considering different speci� c heat ratios
° on both sides of the detonation wave. Analytical predictions for
steady oblique detonation waves were compared with numerical
results, and in view of the complex phenomenon, good agreement
was evident.

The developed conservation equations for oblique detonation
waves were then used to constructappropriatetwo- and three-shock-
theory-basedmodels for describing the regular and the MR of deto-
nation waves. Analytical predictionsbased on the two-shock theory
of the RR $ MR transition wedge angles and those based on the
three-shock theory of both the triple point trajectory angle and the
Machstemoverdrivewere comparedwith experimentalresults from
various sources, and in general good agreement was evident.

The MR computations are novel and should provide stimulus to
other researcherseither to accept the explanation provided here for
the disagreement between experiment and theory or to generate an
alternate theory.
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